Abstract. In this paper, N (κ)-contact metric manifolds satisfying the conditions
Introduction
Let M be an m(≥ 3)-dimensional connected smooth Riemannian manifold endowed with the Riemannian metric g, Levi-Civita connection ∇. Let R, S, r be respectively the Riemannian curvature tensor, Ricci tensor and scalar curvature of M such that for any vector field X, Y , Z ∈ χ(M ), χ(M ) being the Lie algebra of all smooth vector fields on M . Then the concircular curvature C and Weyl-conformal curvature tensor C on M are given by [15] (1.5)
For a (0, l)-tensor field T , l ≥ 1, on (M, g), the tensors R · T and Q(g, T ) are defined as 1 AND SUNIL KUMAR YADAV 2 (R(X, Y ) · T )(X 1 , · · · , X l ) = − T (R(X, Y )X 1 , X 2 , · · · , X l ) − · · · (1.7) · · · − T (X 1 , · · · , X l−1 , R(X, Y )X l ), Q(g, T )(X 1 , · · · , X l ; X, Y ) = − T ((X ∧ Y )X 1 , X 2 , · · · , X l ) − · · · (1.8)
respectively [10] . If the tensors R·C and Q(g, C) are linearly dependent then M is called Weyl-pseudosymmetric, that is, (1.9) R · C = f C Q(g, C), holding on the set U C = {x ∈ M |C = 0 at x}, where f C is some function on U C . If R · C = 0 then M is called Weyl-semisymmetric ( [9] , [10] , [11] ). If ∇C = 0 then M is called conformally symmetric [8] . It is well-known that a conformally symmetric manifold is Weylsemisymmetric. Furthermore, we define the tensor C · S on M A contact metric manifold M of dimension m(= 2n + 1), (n > 1) is a quadruple (φ, ξ, η, g) such that
(1.11) η(X) = g(X, ξ), dη(X, Y ) = g(X, φY ), φ 2 (X) = −X + η(X)ξ, (1.14)
If ξ is a Killing vector field then M is said to be a K-contact metric manifold, and M is Sasakian if and only if
The notion of κ-nullity distribution was introduced by Tanno [14] for a real number κ as a distribution
holds. Thus a contact metric manifold M for which ξ ∈ N (κ) is called a N (κ)-contact metric manifold. From (1.15) and (1.17) it follows that a N (κ)-contact metric manifold is a Sasakian if and only if κ = 1. On the other-hand if κ = 0, then the manifold is locally isometric to the product E n+1 (0) × S n (4) for n > 1 and flat for n = 1 [2] . Also in a N (κ)-contact metric manifold, κ is always a constant such that κ ≤ 1 [14] . Throughout the paper by M we mean a (2n + 1), (n > 1)-dimensional N (κ)-contact metric manifold unless otherwise stated.
The paper is structured as follows: Section 2 deals with some requisitory curvature properties of N (κ)-contact metric manifold. Section 3 is concerned with main results and it is shown that a (2n+1)-dimensional N (κ)-contact metric manifold M satisfies C(ξ, X)· C = 0 (resp., C(ξ, X)·C = 0, C(ξ, X)·S = 0) if and only if the manifold is either N (1 − 1 n )-contact metric manifold or locally isometric to the hyperbolic space H 2n+1 (−κ) (resp., Einstein manifold, η-Einstein manifold). Also it is shown that if M is a Weyl-pseudosymmetric then it is either locally isometric to the Riemannian product E n+1 (0) × S n (4) for n > 1 and flat for n = 1 or η-Einstein manifold.
N (k)-Contact Metric Manifolds
Generalizing the notion of N (κ)-contact metric manifold in 1995, Blair, Koufogiorgos and Papantoniou [3] introduced the notion of N (κ, µ)-contact metric manifold, for real numbers κ and µ as a distribution :
A contact metric manifold M satisfying the relation (2.2) is called a N (κ, µ)-contact metric manifold or simply a (κ, µ)-contact metric manifold. In particular, if µ = 0, then the relation (2.2) reduces to (1.17) and hence a N (κ)-contact metric manifold is a N (κ, 0)-contact metric manifold. Let M be a N (κ)-contact metric manifold. Then the following relations hold ( [13] , [14] , [19] , [20] , [21] ):
In view of (1.1) and (1.2), it follows from (2.1), (2.2), (2.3) and (2.4) that in a N (κ)-contact metric manifold, the following relations hold: (2.14) r = 2n(2n − 2 + κ).
In [7] Boeckx introduced an invariant on a non-Sasakian contact metric manifold as Using this invariant, Blair, Kim and Tripathi [4] constructed an example of a (2n
we consider the tangent sphere bundle of an (n + 1)-dimensional manifold of constant curvature c so chosen that the resulting D-homothetic deformation will be a (1 − 1 n , 0)-manifold. That is, for k = c(2 − c) and µ = −2c, we solve
for a and c. We have
and taking c and a to be these values we obtain N (1 − Beside this, taking X = Y = ξ in (2.15) and using (2.10) we also have
Hence in view of (2.15),(2.16) and (2.17), we have the result.
Proposition 2.2. [2]
A contact metric manifold M satisfying the condition R(X, Y )ξ = 0 for all X, Y is locally isometric to the Riemannian product of a fat (n + 1)-dimensional manifold and an n-dimensional manifold of positive curvature 4, i.e., E n+1 (0) × S n (4) for n > 1 and flat for n = 1.
Proposition 2.3. [6]
Let M be an η-Einstein manifold of dimension (2n + 1), (n ≥ 1), if ξ belongs to the κ-nullity distribution, then κ = 1 and the structure is Sasakian.
Proposition 2.4. [14]
Let M be an Einstein manifold of dimension (2n + 1), (n ≥ 2), if ξ belongs to the κ-nullity distribution, then κ = 1 and the structure is Sasakian.
Main results
In this section, we focus on the characterization of N (κ)-contact metric manifolds satisfying the condition C(ξ, X)· C = 0, C(ξ, X)·R = 0, C(ξ, X)·S = 0, C(ξ, X)·C = 0, C ·S = 0 and R·C = f C Q(g, C) and deduce some results. For equivalency of several curvature restrictions on a semi-Riemannian manifold, we refer to the reader to see [16] , [17] .
if and only if either the manifold is N (1− 1 n )-contact metric manifold or it is locally isometric to the hyperbolic space H 2n+1 (−κ).
Proof. In view of (1.17) and (2.6), equation (1.5) reduces
The condition C(ξ, X) · C = 0 implies that
Using (3.1) and (3.2) in (3.3), we have
So either r = 2nκ(2n + 1), or
If r = 2nκ(2n + 1), comparing the value of r = 2n(2n − 2 + κ), we get κ = (1 − 1 n ). Hence, the manifold is N (1 − 1 n )-contact metric manifold. That is, it is locally isometric to Example 2.1. Also from (1.5) and (3.5), we obtain
This implies that M is of constant curvature (−κ). Consequently it is locally isometric to the hyperbolic space H 2n+1 (−κ). Conversely, if the manifold is H 2n+1 (−κ), then (3.6) holds, which yields r = 2nκ(2n + 1). Then from (3.1) it follows that C(ξ, X) = 0. Again if k = (1 − 1 n ), then in view of (2.14) we have r = 2(n − 1)(2n + 1) and hence it follows from (3.1) that C(ξ, X) = 0. Consequently, C(ξ, X) · R = 0 since C(ξ, X) acts as a derivation. Hence C(ξ, X) · C = 0. This proves the theorem. 
In particular, if we consider a 3-dimensional N (κ)-contact metric manifold, then n = 1 and in that case, we have κ = 0. Hence, in view of Proposition 2.2, we have the following result. In [5] it is proved that a 3-dimensional N (κ)-contact metric manifolds is either Sasakian, flat or locally isometric to a left invariant metric on the Lie group SU (2) or SL(2, ℜ). Hence we have the following result. With the help of (3.1), we get from (3.7) that
Making use of (2.10), we have
From (3.9), we obtain that either r = 2nκ(2n + 1) or, S(X, Y ) = 2nκg(X, Y ). If r = 2nκ(2n + 1), comparing the value of r = 2n(2n − 2 + κ) we get κ = (1 − 1 n ). Hence, the manifold is N (1 − 1 n )-contact metric manifold. This completes the proof.
In particular, if we consider a 3-dimensional N (κ)-contact metric manifold, then n = 1 and in that case, we have κ = 0. Hence, in view of Proposition 2.2, we have the following result. Therefore, a N (κ)-contact metric manifold satisfying C(ξ, X) · S = 0 is an Einstein manifold. Therefore, in view of Proposition 2.4, the manifold is a Sasakian manifold. In view of the above discussions, we can state the following: Proof. The condition C(ξ, X) · C = 0 implies that
By virtue of (3.1), we get from (3.10) that
Thus either r = 2nκ(2n + 1) or,
If r = 2nκ(2n + 1), comparing the value of r = 2n(2n − 2 + κ), we get κ = (1 − 1 n ). Hence, the manifold is N (1 − 1 n )-contact metric manifold. Again, taking the inner product of (3.12) with ξ, we obtain (3.13) [
Using (1.2), (1.6), (2.6) and (2.10) in (3.13), we have
where α = (κ − r 2n(2n+1) ) and β = (κ + r 2n(2n+1) ). This completes the proof. In particular, if we consider 3-dimensional N (κ)-contact metric manifold, then n = 1 and in that case, we have κ = 0. Hence, in view of Proposition 2.2, we have the following result. 
Proof. In view of (1.10) the condition C · S = 0 implies that
where X, Y, Z, W ∈ χ(M ). Taking X = ξ in (3.15), we get
By virtue of (1.2),(1.6),(2.6) and (2.10), equation (3.16) reduces
So, replacing W with ξ in (3.17) and using (2.10), we have
This completes the proof.
Lemma 3.1.
[12] Let A be a symmetric (0, 2)-tensor at point x of a semi-Riemannian manifold (M n , g), (n > 1), and let T = g ∧ A be the Kulkarni-Nomizu product of g and A. Then the relation T · T = αQ(g, T ), α ∈ ℜ is satisfied at x if and only if the condition
With the help of Theorem 3.6 and Lemma 3.1 we have the following result:
Proof. We suppose that M (n > 1), be an η-Einstein N (κ)-contact metric manifold. It is well-known that Weyl tensor C has all symmetries of a curvature tensor. In view of (1.10) and (2.18) we have
for all vector fields X, Y, Z, W ∈ χ(M ). By using (1.6), (2.10), (2.12) and (2.18), by a straightforward calculation, we get (C(X, Y ) · S)(Z, W ) = 0, so we get required result. This completes the proof.
Theorem 3.7. If a (2n+1)-dimensional N (κ)-contact metric manifold M is Weyl-pseudosymmetric then M is either locally isometric to the Riemannian product E n+1 (0) × S n (4) for n > 1 and flat for n = 1 or η-Einstein manifold.
Proof. Let M (n > 1), be a Weyl-pseudosymmetric N (κ)-contact metric manifold. Then from (1.9) we have
In view of (1.7) and (1.8), equation (3.20) yields
. Taking X = ξ in (3.21), using (1.2) and (2.6) we have
Taking the inner product of (3.22) with ξ and then putting Y = Z, we get 
Example
Example.4.1 We consider a 3-dimensional manifold M = {(x, y, z) ∈ ℜ 3 , (x, y, z) = (0, 0, 0)}, where (x, y, z) is the standard coordinate in ℜ 3 . Let (e 1 , e 2 , e 3 ) be linearly independent vector fields in ℜ 3 defined by g(e 1 , e 2 ) = g(e 2 , e 3 ) = g(e 1 , e 3 ) = 0, g(e 1 , e 1 ) = g(e 2 , e 2 ) = g(e 3 , e 3 ) = 1.
Let η be the 1-form such that η(U ) = g(U, e 3 ) for any U ∈ χ(M ). Let φ be the (1, 1)-tensor field defined by
Making use of the linearity of φ and g, we have η(e 3 ) = 1,
and g(φU, φV ) = g(U, V ) − η(U )η(V ), for any U, W ∈ χ(M ). Moreover
The Riemannian connection ∇ of metric tensor g is given by Koszul's formula as
Using the Koszul's formula, we get    ∇ e2 e 3 = 2e 1 , ∇ e2 e 2 = 0,
Consequently, the manifold satisfies the relation
and ∇ e2 e 3 = −φe 2 − φ(he 2 ). Thus we have ∇ X ξ = −φX − φhX. for any vector field X. Therefore, the manifold is a contact metric manifold for e 3 = ξ. Now, we find the components of curvature tensor as R(e 2 , e 3 )e 3 = 0, R(e 2 , e 1 )e 3 = 0, R(e 1 , e 3 )e 3 = 0.
From the expression of above, we conclude the manifold is N (0)-contact metric manifold. [e i , e j ] = 0, where i, j = 2, 3, 4, 5. We also define the Riemannian metric g by g(e 1 , e 1 ) = g(e 2 , e 2 ) = g(e 3 , e 3 ) = g(e 4 , e 4 ) = g(e 5 , e 5 ) = 1.
Example.4.2 We consider a 5-dimensional differentiable manifold
g(e 1 , e i ) = g(e i , e j ) = 0, f or i = j; i, j = 2, 3, 4, 5. Let the 1−form η be η(Z) = g(Z, e 1 ) for any Z ∈ χ(M ). Let φ be the (1, 1)-tensor field defined by φ(e 1 ) = 0, φ(e 2 ) = e 4 , φ(e 3 ) = e 5 , φ(e 4 ) = −e 2 , φ(e 5 ) = −e 3 .
By the linearity properties of φ and g, we have for arbitrary vector fields X, Y, Z ∈ χ(M ). Using Koszul's formula we get ∇ e1 e 1 = 0, ∇ e1 e 2 = 0, ∇ e1 e 3 = 0, ∇ e1 e 4 = 0, ∇ e1 e 5 = e 1 ,
∇ e2 e 1 = −e 4 + λ 2 e 2 , ∇ e2 e 2 = −λe 1 , ∇ e2 e 3 = 0, ∇ e2 e 4 = 0, ∇ e2 e 5 = 0, ∇ e3 e 1 = −e 5 + λ 2 e 3 , ∇ e3 e 2 = 0, ∇ e3 e 3 = −λe 1 , ∇ e3 e 4 = 0, ∇ e3 e 5 = 0, ∇ e4 e 1 = e 2 − λ 2 e 4 , ∇ e4 e 2 = 0, ∇ e4 e 3 = 0, ∇ e4 e 4 = 0, ∇ e4 e 5 = 0,
∇ e5 e 1 = e 3 − λ 2 e 5 , ∇ e5 e 2 = 0, ∇ e5 e 3 = 0, ∇ e5 e 4 = 0, ∇ e5 e 5 = 0.
With the help of above relation, it is notice that ∇ X ξ = −φX − φhX for ξ = e 1 . Therefore, the manifold is a contact metric manifold with the contact structure (φ, η, ξ, g). Now, we find the curvature tensors as follows R(e 1 , e 2 )e 1 = λ 2 e 2 , R(e 1 , e 2 )e 2 = −λ 2 e 1 , R(e 1 , e 3 )e 1 = λ 2 e 3 , R(e 1 , e 3 )e 3 = −λ 2 e 1 , R(e 1 , e 4 )e 1 = 0, R(e 1 , e 4 )e 4 = 0, R(e 1 , e 5 )e 1 = 0, R(e 1 , e 5 )e 5 = 0, R(e 2 , e 3 )e 2 = −λ 2 e 3 , R(e 2 , e 3 )e 3 = −λ 2 e 2 , R(e 2 , e 4 )e 2 = 0, R(e 2 , e 4 )e 4 = 0, R(e 2 , e 5 )e 2 = 0, R(e 2 , e 5 )e 5 = 0, R(e 3 , e 4 )e 3 = 0, R(e 3 , e 4 )e 4 = 0, R(e 3 , e 5 )e 3 = 0, R(e 3 , e 5 )e 5 = 0, R(e 4 , e 5 )e 4 = 0, R(e 4 , e 5 )e 5 = 0.
In view of the expressions of the curvature tensors we conclude that the manifold is a N (−λ 2 )-contact metric manifold.
